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PREFACE 


The subject matter of this booklet is stated quite clearly 
in the title. The theory of linear equations developed 
here is based solely on elementary transformations of 
matrices. Nowhere do I introduce the reader to the 
concept of complete induction, but in some places this 
concept is masked by "etc." Readers familiar with this 
concept will have no difficulty in bringing up the exposi- 
tion to the current level of mathematical rigor. The main 
aim of the exercises is to give readers an understanding 
of how well they have understood the material. For a 
more detailed study of this topic readers are advised to 
turn to any course in linear algebra. Naturally, I find 
my book Elements of Algebra (Nauka, Moscow, 1980; 
in Russian) the most suitable for this purpose, but this 
opinion is purely subjective. 

The idea at the base of the booklet has been used in 
teaching linear algebra in the Division of Structural 
Linguistics of the Department of Languages and Liter- 
ature at Moscow State University. I am deeply grateful 
to Yu.A. Bakhturin for this idea. Yu.A. Bakhturin, 
D.V. Beklemishev, D.P. Egorov, and A.P. Mishina 
have given helpful remarks concerning the manuscript. 
I take the opportunity to thank all these mathematicians. 
I would also like to thank T.A. Gurova for her help in 
preparing the manuscript. 

L.A. Skornyakov 


1. SYSTEMS OF LINEAR EQUATIONS 
AND THEIR SOLUTIONS 


A linear equation in n unknowns is an equation of the 
type 


ат + ал. +... + az, = b, (1.1) 
where ai, 23, . . ., аһ, and b are given real numbers. For 
instance, 

2z, + 2, = 3, (1.2) 
Tı + 1: — T; = 0, (1.3) 

and 
zı +1. dox. F т, = 40 (1.4) 
are equations in two, three, and four unknowns, гезресе 
tively. The numbers а, az, .. ., аһ are said to be th- 


coefficients of Eq. (1.1) and the number b is known as the 
absolute term of the same equation. What constitutes a 
solution to a linear equation? To answer this question, 
we introduce a row of length n, 


(Qis -e Qn), (1.5) 


where «у, ..., @, are real numbers.* Note that the idea 
of a row is undefinable. Of course, one could say that 
a row is a sequence consisting of n real numbers. But then 
what is a sequence? Row (1.5) is said to be a solution 
to Eq. (1.1) if 


aa, F аза, +... + ао = b. 


For instance, the following rows are solutions to Eq. (1.2): 
(1, 1), (0, 3), (2, —1). Other solutions can also be found. 
Among the solutions to Eq. (1.3) we have the rows 
(1, 1, 2), (1, 0, 1), and (0, 0, 0), while among the solutions 
to Eq. (1.4) we have (10, 10, 10, 10), (40, 0, 0, 0), and 
(70, —10, —10, —10). Any row of length п serves as 
a solution to the equation 


Ох, + 02, +... + 05, = 0, 
while the equation 
От, + Org +... + 02, = 1 


* Qften the term “vector” is used instead of “row”. 


has not a single solution. Thus, a linear equation may 
have many solutions. To solve such an equation means 
to describe in some fashion the entire set of solutions. 
For Eq. (1.2) the following description can be suggested: 
the solutions to Eq. (1.2) are the various rows of the form 
(a, З — 2a), with a an arbitrary real number. The set of 
solutions to Eq. (1.3) consists of all possible rows of the 
type (a, В, a + B), with о and В arbitrary real numbers. 
The solutions to Eq. (1.1) with a, 40 are the rows 


b—a30693— ...—4 a 
(imme о, ay), 


a 
where @, ..., о, are arbitrary real numbers. A similar 
description can be obtained for the case where some 
other coefficient of this equation is nonzero. But if all 
the coefficients are zeros, then for b = 0 any row of 
length п is a solution, while for b 520 there is simply 
no solution. 

Let us now turn to Eq. (1.4). Here is a problem that 
requires solving such an equation. Take a pool whose 
volume is 40 m?. Suppose the pool has four pipes through 
which the water is pumped into the pool. How much 
water must pass through each pipe for the pool to fill 
up? The solutions to Eq. (1.4) given above can be inter- 
preted as follows: (1) 10 m? of water must pass through 
each pipe, (2) 40 m? is pumped through one pipe while 
the other three remain closed, and (3) 70 m? is pumped 
into the pool through one pipe, while each of the other 
three pipes is used to pump 10 m? of water out of the 
pool. The reader can easily see that three pipes out of the 
four can be used to pump an arbitrary amount of water 
in or out of the pool. However, if this is done, the amount 
of water that passes through the fourth pipe (in or out 
of the pool) is determined uniquely. 

Let us now make the pool-pipe problem more compli- 
cated by introducing the condition that the amount of 
water passing through the third pipe must be equal to 
the amount of water passing through the other three pipes 
taken as a whole. Then the amount of water passing 
through each of the four pipes must satisfy, in addition 
to Eq. (1.4), the following equation 


ту F x4— xà +2, = 0. 
In this case it is usually said that the solution (the row) 
we are looking for must satisfy a system of two linear 
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equations 
21 + £a + хз + z, = 40, (1.6) 
тү + Ta — 23 + z, = 0. 
Subtracting the second equation from the first, we find 
that 27, = 40, or z = 20. Hence, in any, case 20 m? 
of water must pass into the pool through the third pipe. 


The amount of water flowing through the other three 
pipes is governed by the equation 


Ti + Ta F T, = 20, 


which shows that through any two pipes an arbitrary 
amount of water can pass, but if this amount is fixed, 
the amount of water passing through the last pipe is 
fixed, too. 

In the general case we must know how to deal with a 
system of m equations in n unknowns: 


ап E 4121. d... + а = 5, 
ал, + azta +... + agno Do, 

(4.7) 
Amik, + Amel. |... + дып = bg. 


The row (a, ..., @,) is said to be a solution to this 
system if it is a solution to each of the equations in the 
system. For instance, among the solutions to Eq. (1.6) 
Шеге аге the following rows: (5, 5, 20, 10) 
(—15, 10, 20, 25) (there are also other solutions). 

Note the notation in system (1.7). For instance, the subscripts 
in а,» stand for the fact that we are dealing with the second coef- 


ficient in the first equation. Therefore, one must say "a sub one 
two" and not "a sub twelve." 


Even the simple system (1.6) illustrates the fact that 
the unknowns do not have an equal status. Some are 
determined by a system of linear equations, others can 
be fixed in an arbitrary manner, and still others are 
specified uniquely by the choice of the values of the 
unknowns that can be fixed arbitrarily. The aim of this 
book is to teach the reader how to carry out an appropriate 
analysis in each specific case. 

Two systems of linear equations are said to be equiva- 
lent when each solution to one system is a solution to the 
other, and vice versa. It is clear that instead of a given 
system we can take (and solve) an equivalent one. 
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f'or instance, system (1.6) is equivalent to 
тү + Ta + 13 + 24 = 40, (4.8) 
Oz, + Oz, + £3 + Ox, = 20. 


Indeed, if и = (01, &,, ©з, Од) is a solution to system 
(1.6), this réw is а solution to the first equation in this 
system and, hence, a solution to the first equation in 
(1.8). Moreover, as noted earlier, оз must be equal to 
20, which means that row u is a solution to the second 
equation in (1.8). Thus, every solution to system (1.6) 
is a solution to system (1.8). Now suppose that v — 
(Bis В», Bs, Ва) is a solution to system (1.8). Just as before, 
we immediately see that v is a solution to the first equa- 
tion in (1.6). Moreover, В; = 20 and f, + B, + 20 + 
б, = 40. This means that В, + В, + В, = 20 and, 
hence, Bi + Be — Вз + Ва = Bi + Bo — 20 + Ва = 
40 — 20 = 20. Thus, v is a solution to the second equa- 
tion in (1.6) and, hence, a solution to the entire system. 

Theorem 1.1. If to a system of linear equations in n 
unknowns we adjoin the equation 


02, + 02, +... + 02, = 0, 


the new system of equations is equivalent to the initial one. 
> * Since each equation of the old system is an equation 
of the new, each solution to the new system is a solution 
to the old. If row u is a solution to the old system, it is 
obviously a solution to all the equations in the new 
system with the exception, perhaps, of the adjoined 
equation. But u is a solution to the adjoined equation, too, 
since, as noted earlier, any row of length n can serve as 
solution to such an equation. Thus, each solution to the 
old system is a solution to the new. The proof is com- 
plete. Ш** 


Exercises 


1. Set up systems of linear equations for solving the following 
problems: | 
(a) What are the lengths of the sides of a quadrangle if the sum 
of these lengths is 40 m and the sum of the lengths of the first three 
sides is by 20 m greater than the length of the fourth side? 


* The symbol > indicates the beginning of a proof. 
** The symbol № indicates the end of a proof. 
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(b) In how many ways can you purchase something costing 
2 roubles by using 20 coins with the following denominations: 
5, 10, 15, and 20 kopecks (1 rouble equals 100 kopecks)? 

(c) What values can four numbers have with the sum of any 
three of them being fixed at 1? 

(d) What values can four numbers have with the sum of any 
two of them being fixed at 1? 

(e) At a construction site there are four concrete mixers with 
a productive capacity of 20, 12, 15, and 10 tons of concrete per 
hour. The production quota for the four mixers is 120 tons of 
concrete every day in the course of three days. The conditions for 
the operation of the four mixers are as follows: (1) the mixer with 
the lowest productive capacity is in operation each day while the 
other three operate two days cach, (2) only three operate simul- 
taneously, and (3) the number of working hours is the same for each 
mixer in the course of the three days. How many hours will each 
mixer operate? 

(f) What constitutes a sequence of n numbers if the sum of two 
adjacent members in the sequence is zero and so is the sum of the 
first and nth members? 

2. Prove that if we adjoin the equation 


(411 + 421) ty + (аә + аз) za +... + (Qin + azn) т 
= b + bg 
to system (1.7), we arrive at a system equivalent to (1.7). 


2. MATRICES AND THEIR 
ELEMENTARY TRANSFORMATIONS 


The tool that makes it possible to solve the problem posed 
in the previous section is known as the matrix. Such 
mathematical objects emerge, as we will subsequently 
see, from rows of length n. The reader will recall that 
the idea of a row of length n is undefinable. If we have 
a row и = (a, ..., a4), the numbers а; are called the 
coordinates, or components, of the row. Two rows 
(ais ..., аһ) and (b,, ..., bn) are said to be equal if 
m — n and a; = bj for all i. A row consisting only of 
zeros is said to be a zero row and is denoted by O. The 
leader in a row is the first nonzero coordinate in the row. 
For example, the leaders of the rows (0, 1, 0, 0, 0), 

(1, 0, 1), and (0, 0, 0, 0, 1) are in the second, first, and 
fifth places, respectively. Obviously, a zero row has no 
leader. Two rows of the same length can be added. The 
sum of two rows is defined as follows: 


(41, .... an) + (6, ..., bn) = (a + bis - - as + bg). 
2* 11 


Note that the “piuses” on the left- and right-hand sides 
have different meanings. On the left-hand side it desig- 
nates the sum of two rows, while on the right-hand side 
t designates the sum of real numbers. For example, 


(1, 2, 3, —1) + (2, 1, 0, 1) тт (3, 3, 3, 0). 


If a is an arbitrary row of length n and 0 is a zero row of 
length n, then, as it can easily be verified, 


а+0=а and 0 +а = a. 
Theorem 2.1. 7 fa, b, and c are arbitrary rows of length n, 
then | 
at+b=b+a 
and 
(@ р +е=а- (b 4c). 


> Let us assume that 


Ө | 


== (nus жу eu) 
апа 
b= (By, ..., В). 
Then 
а +0 = (a +B, ee sy an + В») 
and 


b+ a= (В, + о, DEED, В» + а). 


Since the commutative law is valid for addition of 
real numbers, we have 


ai + Bi = В, +%, о, + В, = В, + a, 
RED An + Bn == Pn + а». 


Thus, the rows a + b and b + a have the same length 
and the same ith coordinate for each i. By the definition 
of row equality, a + b = b + a, which is what we set 
out to prove. № 

To prove the second equality we put с = (yis . . ., Pn) 
and note that the numbers (o; + В;) + y; and a; + 
(В; + v;) are the ith coordinates of the rows on the left- 
and right-hand sides of the equality. If we recall that 
the associative law holds true for real numbers, we will 
arrive at the sought equality. 
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Note that not all operations one encounters in mathematics 
are necessarily commutative. Take, for instance, the set of words 
written via the letters of the English alphabet. We will think of 
a word as a finite collection of such letters, say, npk, mama, naotum, 
and so on. We define the operation of addition as follows: 


2...2 tine 0 04. ти... Un 


(here т, and y, are not necessarily different letters). 

It is clear that, say, m + (ama) = mama = атат = (ama) + 
m. Consequently, there are such words и and v that u + v Æ 
о + и. However, it can be proved that the equality (и + v) + w = 
и + (v + w) holds for any words и, v, and w (carry out the proof). 
Another example of noncommutative operations is raising natural 
numbers to natural powers, since 23 „5 32. 


Thanks to Theorem 2.1, we can add rows in the same 
way as we add numbers, that is, without paying attention 
to the order in which the members are added and placing 
the parentheses wherever we wish in adding several 
rows. Note that both for numbers and for rows the desig- 
nation 


а ds +... + d 


has no meaning, strictly speaking, since we know how to 
add only two numbers or two rows. In calculating a 
“long” sum, we mentally place parentheses in this or 
that manner (for greater detail see Elements of Algebra, 
p. 36). 

Besides addition, we will need to know how to multiply 
a row by a real number À. This operation is defined as 
follows: 


А (a, ..., аһ) = (Аа, ..., Aaa). 
Theorem 2.2. If а and b are rows of length n, and № is 

a real number, then 

à (а + b) = da + Ab, 

(A +n) a = ла + pa, 

(Ap) а = А (ра), 
and 
1а — a. 

> To prove, for instance, that А (a + b) = Aa + №, 
we note that the ith coordinates of the rows on the leit- 


and right-hand sides of the equality are À (a; + b;) and 
ла; + Ab;, respectively, and their coincidence follows 
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from the fact that the distributive law holds true for 
real numbers. № 

The validity of the other equalities can be established 
by similar reasoning, and (we hope) the reader can now 
do all this by himself. 

A table that consists of several rows of length n written 
one under the other is called a matrix. The matrix 


айту ma +--+ Imn 
contains m rows and n columns. We will say that this is 
a (rectangular) m х n matrix. Say, the matrices 














4241 
Ga Pe 212 and |122 4 5) 
2 ‚ ||—1 0 | 51234 
42 00 a 


are 3 x 4, 4 x 3, and 2 x 5 matrices, respectively. 
A row of length n is simply a 1 x n matrix, while a 
column of length (or height) m is an m x 1 matrix. An 
n х n matrix is said to be a square matriz of order n. 
A matrix consisting of zero rows is called a null matrix 
(zero matrix) and is denoted by O, while the matrix 


10...0 
E- DI 
0 0...4 


is known as the identity matrix (unit matrix). Note that 
for each number n there exists an identity matrix of 
order n, while in each set of m X n matrices there exists 
a null matrix. Two matrices are considered equal if 
they have the same number of rows and columns and 
their matrix elements with equal subscripts coincide. 

As a rule, in what follows we will denote the elements 
of a matrix designated by a capital letter (say, A) by the 
corresponding small letter with the appropriate sub- 
scripts (in our case а;;) if not specified otherwise. The 
first subscript designates the number of the row and the 
second the number of the column. 

By a matrix transformation we mean a transition from 
one matrix to another carried out according to certain 
rules. We consider the following transformations: 
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(i) Interchanging two rows in a matrix. 

(ii) Adding a row multiplied by a certain number to 
another row in the same matrix. 

These transformations are known as elementary trans- 
formations of rows of the first and second kinds, respectively. 
Elementary transformations of columns can be defined 
in a similar manner. 

Sometimes it is convenient to introduce the elementary trans- 


formation of the third kind: 
(iii) Multiplication of a row by a nonzero number. 


For example, take the matrix 





12 —1 0 
24 04|. 
12 00 











Multiplying the first row by 2 and adding the result to 
the third row, we arrive at the matrix 





12 —1 0 
21 oal, 
3 6 —2 0 











Now to the first row of this matrix multiplied by —2 we 
add the second row and arrive at 





1 2 —40 
o —3 21l, 
3 6 —2 0 











Theorem 2.3. If in a matrix A the element aj, is nonzero 
and i +j, then in the matrix B obtained from А by adding 
the ith row multiplied by —a;,/a;, to the jth row the element 
bj, is equal to zero. 
> From the definitions of the addition of rows and the 
multiplication of a row by a number we get (the row 
coordinates that do not appear in the formulas below 
are of no interest to us) 


(bj, 6..7 biks ...) bin) 


= (ал, et jh +) ат) 


(— ајһ ) (ais, svea lips «hey Gin) 
(. 


+ 


Qik 
ajk 
sey @ўь, EDEN а = Qiks ses) 
„+, Qjks re oo en — ljhs aot) Sts 0, hci) 
15 
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T s of the definition of row equality we then have 
= 0. 

а 2.4. Г} going over from a matrix A to a matrix 
B requires a finite number of elementary transformations of 
rows, then going over from matriz B to matrix A requires 
а finite number of elementary transformations of rows, too. 
> We start by proving the following 

Lemma. If going over from a matrix A to a matrix B 
requires only one elementary transformation of rows, then 
going over from matrix B to matriz A also requires only one 
elementary transformation. 

Indeed, the validity of the lemma is obvious if an 
elementary transformation of the first kind is employed 
to transform A into В. But suppose an elementary trans- 
formation of the second kind is used to transform A into 
B, that is, (ith row of B) = (ith row of A) + A (jth row 
of A), and all the other rows of В coincide with the 
respective rows of А. Thus, bj; = aj, + Aaj, for every k. 
If we now add the ith row of B to the jth row of B multi- 
plied by —A, the new matrix will have the following 
element with subscripts i and k: 


bin +- (—A) by, = (аһ + Аа) + (—Aaj,) = а. 


Since the elements of this new matrix that are situated 
in the rows with numbers distinct from i coincide with 
the appropriate elements of matrix A, the entire matrix 
coincides with A. 

Suppose that A is transformed into B via t elementary 
transformations,.with t>1. By Cis Ca, ..., C44 we 
denote the matrices obtained successively in such trans- 
formations. Thus, using only one elementary transfor- 
mation, we can go from A to C,, using another elementary 
transformation we go from C, to C,, and so on. In this 
manner we go from C; to Cip for i = 1,2, ..., t — 2, 
and then from C;_, to B. But according to the above 
lemma, we need only one elementary transformation to 
go from В to C;_,, one to go from C,., to C;_,, etc. We 
will finally arrive at matrix C,, from which we move 
on to A. The proof of the theorem is complete. № 

We call a matrix a step-like matrix if it possesses the 
following properties: 

(1) If the ith row is a zero row, then the (i + 1)st 
row is a zero row, too. 
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(2) If the leaders of the ith and the (i + 1)st row are 
in the kıst and /; +156 columns, respectively, then 


ki < Юз. 


Graphically these properties mean that only zero rows 
can lie below a zero row, while all the elements that lie 
to the left and below the leader of a row are zeros. The 
origin of the name can easily be seen from the following 
step-like matrix: 


14 20 





3 

0 
ji 2 
70 0 
0 


1 
0 
2 
( 
0 


t 


) 


офор о 
E cou 
rM 


with k, = 2, k, = 4, = 5. 

Theorem 2.5. "If A isa pis -like m X n matrix and B 
is obtained from A by adjoining to A from below a number 
of zero rows of length n, then B is a step-like matrix. 
> Suppose that the rth row of matrix B is a zero row. 
If this row belongs to those that were adjoined to A, 
then all the rows that are below it are zero rows by 
hypothesis. But if the rth row belongs to matrix A, 
then according to the definition of a step-like matrix the 
rows of matrix A that are below the rth row must be 
zero rows, too. Below these zero rows of A are the adjoined 
rows, which are zero rows by hypothesis. Hence, matrix 
B satisfies the first property of a step-like matrix. Since 
all the nonzero rows of matrix В are also rows of matrix A 
and are arranged in the same order, their leaders satisfy 
the second property of a step-like matrix. This means 
that В is a step-like matrix. № 

The following theorem plays an important role in the 
construction of the theory we are seeking. 

Theorem 2.6. Every matriz may be converted to a step- 
like matrix by a finite number of elementary transformations 
of the rows. 
> Suppose that A is an arbitrary matrix and т is the 
number of rows in this matrix. If A = 0, the matrix is 
step-like. If А is not a null matrix, it must have at least 
one nonzero element. A nonzero element must belong to 
a row, so that our matrix has nonzero rows. Out of the 
nonzero rows we select the one whose leader is in the 
column with the lowest number, say k,. Applying the 
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elementary transformation of the first kind, we inter- 
change this row with the first row. The matrix then 
assumes the form 


0 ... 0 biky 

0 ... 0 ber, 

e e 9 > ө ө © е o ? 
0 ... 0 bmh, ++: 


with bik, 40. Now we apply the transformations of the 
second kind, namely, the first row is multiplied by 
—bop,/bix, and the product is added to the second row, 
the first row is multiplied by —534,/b1,, and the product 
is added to the third row, and so on. By Theorem 2.4, 
after applying m — 1 such elementary transformations 
we arrive at a matrix whose elements in the k,st column 
are all zeros except the first element: 


0 ... 0 big, se 
0...0 0 


+ « 9 o ө | э oo 


The row matrix 
НО... O Вы ... MI 


is step-like, since the conditions that define a step-like 
matrix are satisfied for this matrix in a trivial manner: 
there are no zero rows and there is no row with the leader 
in the k;4,,st column. By Theorem 2.5, matrix В proves 
to be step-like if all the rows starting from the second 
are zero rows. If this is not so, then, just as in the case 
above, among the rows of B we find the one whose leader 
is іп the column with the lowest number, say k,. Since 
to the left of and below element 5,4, there are only zeros, 
we have kı < k,. We put the row we have found in the 
second place and, using Theorem 2.4 once more, we 
arrive at the matrix 


0 ... 0 bin, bis +i e.. bir -1 bir 


0...0 0 0 ... 0 
oh, 
C=ļ 0...0 0 U ... 0 би 
0 оо 0 .0 0 
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where сәһ, 520 (of course, it may so happen that k, = 
Ку + 1 and elements 544,44, . . ., Вл, 1 will simply not 
exist). It is clear that the first two rows of matrix C 
constitute a step-like matrix. If m — 2 or all the rows 
of matrix C starting from the second are zero rows, then, 
as in the above case, C is step-like. But if among these 
rows there are nonzero rows, the same line of reasffhing 
as above brings us to the following matrix: 


0...0 bin, Bin at ss Pp ca Ban, Pangea c Pint Pra, e 


0...00 0 ... 0 с c vert с hes 
2h, 2k, +1 2h,-1 2k, 


0...00 0 Т 0 0 007 dg, ee 
0...00 0 2.2.0 0 0 2.00... 
0...00 0 ‚0 0 0 0 0 


where d2,, 520. We note again that the matrix consisting 
of the first three rows is step-like, and either the entire 
matrix is step-like or it can be converted into a matrix 
whose first four rows constitute a step-like matrix. It is 
clear that the number of transformations needed to arrive 
at a step-like matrix containing all m rows can be no 
greater than т. № 

The proof of Theorem 2.6 is effective in the sense that 
it contains a practical method for reducing a given matrix 
to step-like form. For example, reduction of the matrix 


11 114 
11 2 0 4 
11 02 4 
11 —1 34 


to step-like form can be carried out in the following 
manner: 


11 1 14 

00 3141 —10 (the first row is subtracted from 
00 —1 10 the second, third and fourth rows), 
00 —2 2 0 


(to the third row we add the second, 
and to the fourth we add the second 
multiplied by 2). 


coom 
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With matrix 

lo 0 —1 44 
0 1 2 —1 0 
0 4 1 0 0 














we proceed as follows; 
0 14 1 0 0 
0 1 2 —1 0 
00 —1 1 1 
0 1 1 0 0 
0 0 1—10 
00 —1 11 


(the first and second 
rows are interchanged), 














(the first row is sub- 
iracted from the second), 


















































011 0 0 . К 
004 —1 0 ibe shire Ad is added 
070-0 0 4 о the second). 
Finally, for the matrix 
1113 
1236 
149 14 
we have 
111 3 
012 3 (the iret row is ен 
0/9 8 M rom the second and third rows), 
and 
11138 
0123 (the second row multiplied by 
0022 —3 is added to the third row). 














Exercises 


1. Suppose that the leaders of the rows a, b, and a+ b are 
in the kth, Ith, and mth columns, respectively, with k < 1. Prove 
that k x m. Give examples of rows for which k — m. Finally, 
prove that this is possible only for k = l. 

2. Suppose that a — (4, 2, —3, 0, 1) and b — (1, —1, 0, 2, 3). 
Find the row z for which a eb =. 

3. Prove that the equation a + т = 0 has a solution for i 
row a. 

4. Prove that 0a = 0 = А0 and (—1) a+ а = 0 for every 
row а and every real number À. 

_ 5. Suppose that a= (5, —8, —1, 2), b = (2, —1, 4, —3), and 
c = (—3, 2, —5, 4). Find the rows z and y that satisfy the equations 


a+ 2b - 3c+4z=0 
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and 
3 (а — у) + 2 (а y) = 5 (с + у). 

6. It is said that a row a is a linear combination of rows а, oa 
wey dg if a=; +... Аа, Where Ay, . . ., Àm is a set of real 
numbers. 

(a) Find the linear combination 3a + 5b — c, where а= 
(4, 1, 3, —2), b = (1, 2, —3, 2), and c = (16, 9, 1, —3). 

(b) If a row c is a linear combination of rows b, by, . . ., 5, 
and each of these rows is a linear combination of rows aj, dg, . .. 
...,5, then c is a linear combination of the rows ау, az, . . ., а,. Prove 


this assertion. 
7. Reduce the following matrices to step-like form: 


en 11 ca, e 44 14 а |, 














44 4 —1 20 10 15 20 200 
(с)|1 4 1 04 (d)] 1 1 0.0 4 
0114141 1010414 
104414 4/4 1004141 
110411 01410414 |" 
0 410 4 1 
0 0 411 
(е) | 20 12 0 10 120 
20 0 45 10 121; 
0 12 15 10 120 
(01124100 000 
0110 ооо 
0 0 11 000 
0000 110 
0000 01 1 
1000 0 1 


(the last matrix is an n X n matrix). 

8. Prove that the ith and jth rows of a matrix can be inter- 
changed through the following sequence of elementary transforma- 
tions: (1) multiply the jth row by —1 and add the product to the 
ith row, (2) add the ith row to the jth row, (3) add the product of 
x jth row and —1 to the ith row, and (4) multiply the ith row 

y —1. 

9. Prove that any matrix can be reduced to diagonal form by 
elementary transformations of the rows and columns (a matrix D 
is said to be diagonal if and only if i == j implies d;; = 0). Give 
an example of a matrix that cannot be reduced to diagonal form 
solely by elementary transformations of rows. 

10. Prove the analog of Theorem 2.4 for elementary transforma- 
tions of the third kind and the analogs of Theorems 2.4 and 2.6 
for elementary transformations of columns, 
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11. Prove that by applying elementary transformations of the 








0 
second kind to the rows and columns of matrix A — A К we 
0 
can reduce it to diagonal form ; 
0 —ab 











12. Suppose that a matrix В can be obtained from a matrix A 
via a finite number of elementary transformations of the first, 
second, and third kinds applied to the rows. Prove that each row 
of matrix B is a linear combination of the rows of matrix A. 
Hint. Use the result of Exercise 6b. 

13. (A.N. Mironov). Suppose that B and C are step-like matrices 
obtained from a matrix A via a finite number of elementary trans- 
formations of the first, second, and third kinds applied to the rows 
of A. Prove that leaders of the rows of matrices B and C are in the 
same columns. Hint. Use the result of Exercise 12. 


3. A. METHOD FOR SOLVING 
SYSTEMS OF LINEAR EQUATIONS 


А system of linear equations 
аул, + aif +... + а = 5, 
а + ат. +... + аль = bos 
Ro oC. ae OR ewe aa uw ces AGA) 
ат + Amol, + ... + Amntn = bm 
is determined uniquely by the matrix 
а, Ayo ... ау, | 5, 
ami атг ... атп | bm 


which is known as the augmented matrix of the system. 
The matrix to the left of the single vertical bar is called 
the system matrix. For instance, for the systems 


a H ta + їз + z, = 4, 


ту + Ta + 223 = 4, (3.2) 
zi + Ta + 2х. =4, 
zı H Ta — T; + 34, = 4; 
—z; +z, = 1, 
Ta + 2z — z, = 0, (3.3) 
2. + Zz = 0, 
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and 
a+ rd т. = 3, 
zı + 2х. + 324 = 6, (3.4) 
ху + 42, + 91. = 14 
the augmented matrices are 
11 1114 





























14 20/4 бб, Ue 
14 oa2tal [9 ! 2 —1/ 07, 
11 —4 3/4 Q4 1 s0p9 
and 
1141 3 
123 6 
149 14 
respectively. 


In what follows, when we speak of the rows of a system 
of linear equations we mean the rows of the corresponding 
augmented matrix. 

Theorem 3.1. Jf a row in a system of linear equations 
is multiplied by a nonzero number, the resulting system of 
linear equations is equivalent to the initial one. 
> Suppose that a nonzero number А is multiplied by 
the ith row of system (3.1). The corresponding equation 
assumes the form 


(Aai) z4 + (aig) za +... + (Adin) 1, = àbi. (3.5) 
If (01, ..., ал) is a solution to system (3.1), we substi- 
tute it into the left-hand side of Eq. (3.5) and get 
(Аа) + (aig) а +... + (Adin) On 
= À (абд + ава, +... + ain) = Аё. 


Hence, the row (01, ..., @n) is a solution to Eq. (3.5). 
Since the other equations in the new system are the same 
as in the old, the row is a solution to the new system. 
Now suppose that the row (a,, . . ., @,) is a solution to 
the new system. Then it is a solution to all the equations 
of system (3.1) with the exception, perhaps, of the ith 
equation. Substituting this solution into Eq. (3.5) and 
taking À out of the parentheses, we get 


А (аж + ара, +... Нате) = Abi. 
Since А 0, we find that 


Qir% + 21203 я + Gina = bi, 
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that is, (01, . . ., Œn) proves to be a solution to the ith 
equation in (3.1), which means it is a solution to the 
entire system (3.1). M 

Theorem 3.2. If going over from a matrix A to a matriz B 
requires only a finite number of elementary transformations 
of rows, the corresponding systems of linear equations are 
equivalent. 

We start by proving the following 

Lemma. If going over from matrix A to matrix B requires 
only a finite number of elementary transformations of rows, 


then each solution to the system corresponding to matrix A 
is а solution to the system corresponding to matrix B. 

> Let us first assume that going over from A to В requires 
only one elementary transformation. If this transforma- 
tion is of thefirst kind, that is, two rows are interchanged, 
our equations in the system only trade places. Naturally, 
the old solutions will still satisfy such a system. Under 


an elementary transformation of the second kind, the 
jth row is multiplied by Л and the product is added to 


the ith row. Hence, the ith row of matrix B has the form 
(a + Лау, бз Qin + Хау, | b; + Àb;). 
Suppose that (%1, &,, . . ., Œn) is а solution to the system 


with matrix 4 (the augmented matrix), that is, it is 
a solution to each equation in this system. But will it 
be a solution to the system with matrix B? Only the 
ith equation in this system may cause trouble, but 
(а + Aaj) а +... + (Gin + а) Op 

E (9:101 +...-каһ®) 

+ А (а), +... F ajnan) = bi + №). 
Thus, for the case at hand the proof of the lemma is com- 
plete. B 

In the general case we have a sequence of matrices А, 

Ch <., бь В, where at each step going over from a 
matrix “to the adjacent right matrix requires only one 
elementary transformation. For this reason a solution 
to a system whose augmented matrix is A serves as a 


solution to a system whose augmented matrix is C, 
24 


But then it also serves as a solution to a system whose 


augmented matrix is Cs. Proceeding in this manner, we 
finally arrive at the conclusion that this solution is a 


solution to the system whose augmented matrix is B. 
> Note that according to the lemma, each solution to 


the system corresponding to matrix А is also a solution 
to the system corresponding to matrix В. On the other 
hand, by Theorem 2.4, going over from matrix B to matrix 


A requires only elementary transformations. Hence, 
applying the lemma once more, we will see that each 


solution to the system whose augmented matrix is B 
serves as a solution to the system whose augmented matrix 


is A. Thus, these systems are equivalent. Mi 

Now it is clear that to find the solutions to any system 
of linear equations it is sufficient to know how to find 
the solutions to a step-like system, since each matrix can 
be reduced to step-like form via elementary transfor- 
mations, with the result that we arrive at a system of 
equations equivalent to the initial system. 

For example, noting that at the end of Section 2 we 
reduced the augmented matrices of the systems (3.2)- 
(3.4) to step-like form, we conclude that instead of these 
systems we can solve the systems 


Tı + Ta dox. + 14 = 4, 
тз — xz, = 0 
(the last two equations have been discarded on the basis 
of Theorem 1.1), 


Za + 23 = 0, 
їз — 2, = 0, 
Ox, + Oz, + Or, — Oz, = 1, 
and 
д Hza + 1: = 3, 
To + 223 T». 3, 
2x3 = 2, 
respectively. 


Now let us analyze step-like systems of linear 
equations. Suppose we have a step-like matrix correspond- 
ing to a system of m linear equations in n unknowns. Two 
cases are possible: 
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(i) There 1s a tow whose leader is in the last column. 

(ii) There is no such row. 

In the first case the appropriate system of equations 
contains an equation of the form Oz, +... + Or, = Б, 
where b <0. It is clear there is not a single set of values 
of the x; that can satisfy this equation, to say nothing 
of all the equations in the system. This means that the 
system of equations has no solution. 

To analyze the second case we assume that the step-like 
matrix under consideration contains r nonzero rows and 
that the first nonzero elements in these rows are in the 
columns with numbers k,, . . ., kp. By the very definition 
of a step-like matrix, 


12А <, <... <, Ln. 


The unknowns 2%, ..., x, are called principal un- 
knowns, while the rest (if such exist) are called absolute 
unknowns. Moreover, we discard the equations that 
correspond to zero rows, which procedure will lead to 
a system that is equivalent to the initial one, according 
to Theorem 1.1. 

Let us first assume that no absolute unknowns exist. 
Then 


т=п, k=1, Е, = 2, ..., К = п, 
and the system we are considering here has the form 


ан + ао. + ...-Е A n aT 4 F lintr = bi, 


ат. + . . . + аз п-4 а + don = b2, 


Ө + n 9 9 9 59 


On 4A n-AUn-A + n4 nfn = bni» 


Annn = bn, 


with ауу, 455, . . ., Ann being nonzero. Since ann 0, 
the last equation provides a unique way for determining 
Zn. After this, using the next-to-last equation, we can 
find z,.,. The process can be continued. Thus, in the 
case at hand the system has a unique solution. 

Now suppose that we do have absolute unknowns in 
our system. In this case, by L; we denote the sum of the 
products of the absolute unknowns by the corresponding 
coefficients of these unknowns in the ith equation. Carry- 
ing the L; to the right-hand sides of the equations in the 
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system, we arrive at 


алк, Tp, + GAR Eg, +... + Ath te, = D, —L, 
Q2 XR +... + ak Th, = b, — Ls, 


Ark Th == — 
rh. hr b, Ls 


where the coefficients Qik Чон, ++ +1 Grk, are nonzero. 


Just as in the case without absolute unknowns, we can 
determine хь, zy, etc. successively if we assign definite 
values to the absolute unknowns. The principal un- 
knowns are then determined uniquely. Assigning different 
values to the absolute unknowns, we get all the solutions 
to the given system, or solve it. Since the absolute un- 
knowns can assume different values, the system has 
more than one solution. 

Analyzing in this manner the step-like systems that 
emerge from systems (3.2)-(3.4), we conclude that system 
(3.3) has no solutions, system (3.4) has a unique solution 
(1, 1, 1), and in system (3.2) z, and z, are the principal 
unknowns and z, and z, are the absolute unknowns, with 
2з = z, and zı = 4 — х, — 24.. The last statement 
can be interpreted as follows: each solution to system 
(3.2) has the form 


(4 — а — 2B, a, В, В), 


where @ and В are arbitrary real numbers. 

A system of linear equations is said to be homogeneous 
if all its absolute terms are zeros (all equations are homo- 
geneous). A homogeneous system always has a solution, 
say, the zero row. It would be interesting to know, there- 
fore, when a homogeneous system has nonzero solutions. 

Theorem 3.3. If the number of equations т a homogeneous 
system. of linear equations is less than the number of the 
unknowns, the system has at least one nonzero solution. 
P» We reduce the given homogeneous system to step- 
like form. In the process of such a transformation the 
system remains homogeneous. It is clear that the number 
of principal unknowns cannot be greater than the number 
of rows. This means that there are absolute unknowns, 
which ensures the existence of nonzero solutions, since 
absolute unknowns can assume nonzero values. № 
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Theorem 3.4. A homogeneous step-like system oj n 
linear equations in n unknowns has nonzero solutions if 
and only if its matrix contains a zero row. 
> If there is a zero row, we can discard it, according 
to Theorem 1.1, and the existence of nonzero solutions 
follows from Theorem 3.3. But if there is not a single 
zero row in the system, all the unknowns are principal 
unknowns, and since all the absolute terms are zeros, 
we find (successively, starting from the end) that all the 
unknowns must be zeros. № 


Theorem 3.5. If the rows u,,. . ., Uz are solutions to the 


equation 
ах +... Нах, = 0, (3.6) 
then for any real numbers №, . . ., № the row 
и = мш +... + Mu 
is also a solution to this equation. 
P» Suppose that 


ul = (01, б, Qin) (i =1,2,..., t). 
Then 


и = aeta H.. HAt, oe Man ers ee F Main). 
Since the u; are solutions to Eq. (3.6), we have 
а, (Ма +... d Aan) 
+... as Main +... + Мо) 
= № (20101 +... + anain) 
+... № (an +... d апо) 
=),0+...+A;-0 = 0, 


that is, и proves to bea solution to Eq. (3.6), too. № 

Summarizing, we can say that we have a method that 
enables solving any system of linear equations, that is, 
we can establish that the system has no solutions or 
find the unique solution or, specifying the absolute 
unknowns, express the other unknowns in terms of them. 
This method is known as Gauss's method or the method 
of successive elimination of unknowns. But does the number 
of absolute unknowns depend on the method of solution? 
More than that, even in the case where no such depend- 
ence exists, can we guarantee that for a given set of 
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unknowns there exists a method of solution in which 
precisely these unknowns are absolute? The reader will 
recall that in Section 1 we gave an example of a system 
with a*solute unknowns where, however, not every un- 
known could be called absolute. And the importance 
of knowing the number of the unknowns that can be 
declared absolute cannot be overestimated. Suppose that 
a technological problem requires solving a system of 
linear equations. If an unknown cannot be declared 
absolute, then it cannot be varied to achieve a more 
acceptable, from the practical viewpoint, solution. For 
instance, in the pool-pipe problem discussed in Section 1, 
additional restrictions can be imposed only on the amount 
of water passing through the first, second, and fourth 
pipes. 

An answer to all these questions is given by a theory 
we will develop in the following sections. 


Exercises 


1. Solve the following systems of linear equations: 
(а) 52, + 3z, + 5х. + 122, = 10, 

2z, + 22, + За. + 5x, = 4, 

zı + 71. + 923 + 41. = 2. 


(b) —9х, + 6х, + Tz; -+ 10х. = 3, 

— 62, + 4r, + 22.-Р 32, = 2, 

— За. + 2х. + 14z, — 152, = 1. 
(c) 9х, — 20z, + 3х. - Tx, = 1, 
41 — 91. z+ 204 = 2, 
—2 + 5r, + 23+ 424 = 8. 


(Hint. To simplify calculations, the second row can be multiplied 
by two and the product subtracted from the first row.) 


(d) 12z, + 9х, + Зх, + 10z, = 13, 
hay + За, + t+ 24 = 8, 
8z, + бх, + 2z4 + 514 = 7. 

(e) —6z, + 9х. + 3x3 + 2z, = 4, 
—2z, + Зло + 513 + 4r, = 2, 


—Az, + бх, + 42, + 3x, = 3. 
(f zıt tat 41; — 32, = 0, 
32, + 52, + 61, — 42, = 0, 
Аж. + 51. + 2z} + 32, = 0, 
32, + 8х. + 242, — 197, = 0. 
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@) z—25—0, 

то — 14 = 0, 
—2z,- zy — ху = 0, 
—18 + T4 — 1 = 0, 

—zg-L zs = 0, 

— 4 + тв = 0. 


(h) zı — za + z5 = 0, 
25 — 14 + Te = 0, 
тү — 12 t T5 — 16 = 0, 
Ta — z3 + zg = 0, 
тү — 14 + 15 = 0. 


(i) 52, + бх, — 21. + 724 + 42, = 0, 
22, + 32, — z; + 424+ 22 = 0, 
Tz, + 9x, — 3x3 + 52. + 6х, = 0, 
52, + 9z, — 3х. + 24+ 6х, = 0. 


(j) За + 42, + =з + 24 + Зл5 = 0, 
52, + 7х. + z+ 32, + 42, = 0, 
41 + 52, + 2r3 + =, | 5r; = 0, 
7z, +10zg + =з + 62, + 52, = 0. 


(К) а + 2 = 0, 
11 - 12 + 23 = 0, 
{13 +a, = 0, 


a-a + pat 21 = 0, 
Tr1 Tt, = 0 


2. Solve the problems formulated in Exercise 1 of Section 1. 
In Problem (b) find the solution under the condition that the number 
of 20-kopeck and 15-kopeck coins must be maximal. In Problem 
(e) find the solutions corresponding to the maximal and minimal 
working hours of the mixer with the lowest productive capacity 
(the number of working hours must be an integer). 

3. Prove that a system of linear equations is homogeneous if 
and only if a zero row is a solution to this system. 

4. Construct a system consisting of two linear equations for 
which the rows (1, 1, 1, 1) and (1, 2, 2, 1) are solutions. 

5. Prove that by discarding a row of the augmented matrix 
of a system of linear equations that is a linear combination of the 
other rows we get a system of linear equations equivalent to the 
given system. 

6. Formulate and prove the conditions imposed on the elements 
of the augmented matrix of a system of linear equations in n un- 
knowns that are necessary and sufficient for every row of length n 
to be a solution to this system. 

7. Can a system of linear equations with real coefficients have 
exactly two distinct solutions? 
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4. THE RANK OF A MATRIX 


A square matrix is said to be singular if a finite number 
of elementary transformations of rows transforms it into 
a matrix witn at least one zero row. 

Theorem 4.1. The following properties of a square matrix 
A are equivalent: 

(1) A is a singular matriz; 

(2) the system of homogeneous linear equations with 
matrix A has at least one nonzero solution; 

(3) for апу method that reduces matrix A to step-like 
form. via elementary transformations of rows, the resulting 
step-like matriz contains a zero row. 

р The theorem states that if one of the properties (1)-(3) 
is valid, so are the other two. To establish this, we will 
prove that property (2) follows from property (1), prop- 


/ N 
Fig. 1 


erty (3) from property (2), and property (1) from prop- 
erty (3) (Fig. 1), from which follows the sought equiva- 
lence of all three properties. 

In the course of the entire proof we denote the matrix 
obtained from A by adjoining the zero column on the 
right by A. 

(1) = (2). If A is a singular matrix, then, according 
to the definition of a singular matrix, a finite number of 
elementary transformations of rows transforms A into 
a matrix B with a zero row. The same elementary trans- 
formations transform A into В. Matrix В then contains a 
zero row, and if уе discard this row we arrive, according 
to Theorem 1.1, at a system that is equivalent to a system 
with augmented matrix B. But the number of equations 
in such a system is lower than the number of unknowns, 
and by Theorem 3.3 it has a nonzero solution. Hence, 


the system with augmented matrix B also has a nonzero 
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solution, and the same is true of the system with matrix A 
because of Theorem 3.2. 

(2) => (3). Suppose that C is the step-like matrix ob- 
tained from A via a finite number of elementary trans- 
formations. Then matrix C is obtained from A via the 
same elementary transformations. Theorem 3.2 implies 


that the system with augmented matrix C has a nonzero 


solution. By Theorem 3.4, this means that matrix C 
has a zero row, and so does matrix C. 

(3) = (1). It is sufficient to recall that by Theorem 2.6 
matrix А can be reduced to step-like form and to employ 
property (3). M 

Theorem 4.2. If A is a singular matrix and a finite 

number of elementary transformations is needed to go over 
from A to B, then B is a singular matriz, too. 
P» Ву Theorem 2.4, going over from matrix В to matrix 
A requires a finite number of elementary transformations 
of rows. On the other hand, by the very definition of a 
singular matrix, a finite number of appropriate elementary 
transformations of rows makes it possible to go over 
from matrix A to a matrix C with a zero row. Hence, 
going over from В to C also requires a finite number of 
elementary transformations of rows, and the fact that В 
is singular follows from the definition. № 

Theorem 4.3. If A is a singular matrix and a matriz B 
is obtained from matriz A through multiplication of one 
of the rows of A by a real number i, then B is singular, too. 
> ПА = О, matrix Bis singular by definition. But if 
à 0, then Theorem 3.1 implies that the systems of 
linear equations with matrices A and B are equivalent. 
By Theorem 4.1, the system of homogeneous linear 
equations with matrix A has a nonzero solution. This 
means that the system of homogeneous linear equations 
with matrix В also has a nonzero solution, and the fact 
that B is singular follows from Theorem 4.1. E 

Theorem 4.4. If the matrices 


011 819 ... Ain 
Gi-11 @j-12 +--+ @-т 
A’=|| а, Bin oes Uis and 
@1+11 @1+12 +++ Aisin 
EN E qo eee! res ДЕД 
anı an2 +++ ann 
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Gi-11 @{-12... @i-in 
и P p. и "m 
A" = аң aig e а 
@1411 Qi+i2 +++ Gitin 


бо ооо 


Oni Ana ... Ann 


011 012 ап 
Gi-11 aj-12 ... @-1п 
р n , ” , " 
A == ai, T- aj, ain tai, "EP Gin T Vn 
@1+11 @1+12 >»... Misin 
anı an2 апп 


is singular, too. 
> By Theorem 4.1, the systems of homogeneous linear 
equations with matrices A’ and A” have nonzero solu- 


tions. Suppose that 

и! = (01, ..., ал) and и" = (Gry sss Xn) 
are these solutions. It is clear that both и’ and u” satisfy 
all the equations in the systems of homogeneous linear 


equations with matrix A with the exception, perhaps, of 
the ith equation in A. By Theorem 3.5, any rows of the 


form Au’ — ци”, where A and p are arbitrary real num- 
bers, satisfy these equations, too. Suppose that 


А = ао +... F ainan and p= aja; 
+... + ато. 
Then 
(ай + ай) (Aa, — рои) 
+... + (ais + din) бак — ва) 
= M (auci +... + Ginn) 
+À (айо +... + алал) 
— p (ajay +... + ainan) 
— (ай +... + ainan) 
= № + Ap — pa — pO = 0. 
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Hence, if Au’ — pu" 520, it proves to be a nonzero 
solution to the system of homogeneous linear equations 
with matrix A, which in view of Theorem 4.1 proves the 


singularity of A. But suppose that Au’ — pu” = 0. If, 


in addition, р 520, then ш” = (Ay) и’, whence 
(аи На!) и +... + (Gin + а) ол 


А , , , , 
= (аи +... + ат) 


+ (ай +... + Ainan) 


A 5 
ООО 


This means that the system of homogeneous linear equa- 
tions with matrix A again has а nonzero solution, и”, 
and, just as in the previous case, the singularity of A 
follows from Theorem 4.1. If, finally, р = 0, then 


(аа + ай) +... + (ain + Gin) € 
= (ано, +... + aine) 
+ (aio ++... + ата) 
=0 4+ р = 0 +0 = 0. 


Again the system of homogeneous equations with matrix 
A proves to have a nonzero solution и’, and we can once 
more employ Theorem 4.1. № 

If in a matrix A some k rows and k columns are isolated, 
the elements at the intersections of these rows and columns 
form a square k X k matrix, a submatrix of A. The highest 
order of the nonsingular submatrices of A is said to be 
the rank of matrix A. Clearly, the rank of an m X n 
matrix cannot exceed the smallest of the numbers m 
and n. If a matrix has no nonsingular submatrices, its 
rank is zero by definition. It is quite obvious that null 
matrices are the only matrices that contain no nonsingular 
submatrices, which implies that the rank of a matrix is 
zero if and only if this is a null matrix. 

Theorem 4.5. The rank of a step-like matrix is equal 
to the number of the nonzero rows in the matriz. 
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p If A = 0, the rank of A is zero by definition. But 
suppose that А is a nonzero step-like matrix with г 
nonzero rows. Then, specifying the nonzero rows and 
columns that contain the leaders of the above-mentioned 
rows, we arrive at a step-like submatrix that contains 
no zero rows. By Theorem 4.1, this submatrix is non- 
singular, so that A contains a nonsingular submatrix of 
order r. Every submatrix of A of higher order contains 
a zero row and is therefore singular (by definition). BE 

Highly important for our further investigation is the 
following i 

Theorem 4.6. The rank of a matrix does not change under 
elementary transformations of the matrix rows. 

First let us prove the following 

Lemma. If going over from a matrix A to a matrix B 
requires a finite number of elementary transformations of 
rows, then (rank B) < (rank A). 

We will establish the validity of this lemma for the 
case where there is only one elementary transformation. 
Let us put (rank 4) = r. To prove the lemma it is suf- 
ficient to make sure that every submatrix M of B with an 
order greater than r is singular. If going over from A to B 
requires interchanging two rows, submatrix M either 
coincides with a submatrix M’ of A whose order is 
greater than r or differs from such a submatrix M' in the 
position of the rows. Since (rank А) = r, we conclude 
that M' is a singular matrix, and the singularity of M 
follows from Theorem 4.2. Now suppose that going over 
from A to B requires adding the product of the jth row 
of A by A to the ith row of A. Three cases are possible 
here: (1) the ith row lies outside submatrix M, (2) both 
the ith row and the jth row pass through submatrix M, 
and (3) the ith row passes through M while the jth row 
does not. In. the first case submatrix M coincides with 
the appropriate submatrix of A and, hence, is singular. 
In the second case we have 


ооо 


+ «+ o9 o9 om om os t9 э 9 9 9 9 э 
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Clearly, matrix M is obtained from matrix 


«©», © © © 


through an elementary transformation of the second 
kind. But since M’ is a submatrix of A with an order 
greater than r, it is singular. By Theorem 4.2, M must be 
singular, too. In the third case we write 


GinytAajny ... Ging tAajn, 


ооо 


М = 


, 
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and 
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Matrix M' is a submatrix of A, and M" differs from a 
submatrix of A by the arrangement of the rows. Since 
the orders, of both matrices, M' and M", exceed r, by 
Theorem 4.2 they are singular. Theorem 4.3 implies the 
singularity of М”, after which the singularity of M 
follows from Theorem 4.4. Thus, we have proved the 
lemma for the case where only one elementary transforma- 
tion is employed. Now suppose that k elementary trans- 
formations are required. Let A, С, . . ., Сһ-1, В be the 
sequence of matrices that emerges as a result of these 
transformations. By virtue of what we have just proved, 


(rank B) < (rank Съ.) <... < (rank C) < (rank A). 


P» Suppose that going over from A to В requires a finite 
number of elementary transformations. According to the 
lemma, (rank B) < (rank A). But if these elementary 
transformations make it possible to go from A to B, 
then, according to Theorem 2.4, going over from B to A 
also requires a finite number of elementary transforma- 
tions. Applying the lemma once more, we find that 
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(rank A) < (rank B). The inequalities yield the sought 


equality. М 


Theorems 2.6, 4.6, and 4.5 provide a practical method 
for calculating the rank of a matrix: reduce the matrix 
to step-like form and count the number of nonzero rows 
in the step matrix. For example, the calculations carried 
out at the end of Section 2 show that 


rank 

00 —1 

rank |0 1 2 
0. 1 1 








1. Find the rank of the matrices of Exercise 7 of Section 2. 








11 1 114 
414 20 4 
1 0 2 4 
1 —1 3 4 
11 

—1 Of/=rank 
0. 0 
Exercises 








2. Find the ranks of the following matrices: 


(а) [18 7 4 8 
10 1 0 4 

17 3 1 7 

40 17 10 18 
(b) 1 -1 2 
—1 2 —7 

8 —4 3 

1 0 —2 

3 —1 —4 

(c) 1 1 1 
| 0 0 2 
0 2 0 

2 —1 —1 

—1 1 0 

1 0 1 
()]1 100 0 
01100 
0.0 110 
0.001 1 
10001 

а +5 

a+b, а |02 


, 


, 


ОЭ 5| « э „+ 


(e) | а +01 


—1 -1 
6 0 
—2 —5 
2 —1 
1 —2 
1 2 
—1 1 
1 1 
0 0 
0 1 
2 —1 
а tbn 
az + bn 
an tbn 


| 
| 


=2, 

111 3 
123 6 
1 4 9 14 
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3. Prove that if 4 and B are matrices with the same number of 
columns, then 


A 
rank ||— < (rank A) + (rank B). 
B 


4. Prove that if A and B are matrices with the same number of 
rows, then 


(тапк || А | В | | < (rank A) + (rank B). 


5. Prove that if A and B are matrices with the same number 
of rows and the same number of columns, then 


ау 011. tbi ... Qin thin 
4317-021 422-762 ... ant Pan 

rank < 
Qmitbmi @metbme ... @mntomn 


< (rank A) + (rank B). 


Hint. Use the result of Exercise 3. 
6. Suppose that A is a nonsingular п X n matrix, B isa p X q 
matrix, C is an n X q matrix, and O is a null p X n matrix. Prove 


that 
A С 
lo в 


(b) if kD is the matrix obtained by multiplying all the matrix 

elements of a matrix D by a number k and if p = n, then 
anm | A В! 
тап ||24 5B 

7. Prove that the rank of a matrix does not change if rows that 
are linear combinations of the matrix rows are adjoined to the 
matrix. 

8. Prove that by applying elementary transformations of all 
three kinds to rows and columns we can transform any matrix of 
rank г into a matrix D such that dj, =... = d,, = 1 while all 
the other matrix elements are zeros. 

9. Prove that if A is a (square) n X n matrix whose rank is n, 
then by applying elementary transformations of the second kind 
to the rows and columns we can reduce A to the form 


(a) rank =n-+(rank B), and 











==n-+(rank B). 





10 ... 00 
0 1 0 0 
00...10 
0.0 ... 0d 


10. Prove that if a column in a square matrix A is a linear 
combination of the other columns, A is singular. 
Hint. Use Theorem 4.1. 
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5. THE THEOREM ON PRINCIPAL 
UNKNOWNS 


A system of linear equations is said to be consistent if it 
has a solution. In particular, a system of homogeneous 
linear equations is always consistent. 

Theorem 5.1. (Kronecker-Capelli theorem). A system 
of linear equations is consistent if and only if the rank of the 
system matrix is equal to the rank of the augmented matrix. 
> Since according to Theorems 2.6 and 3.2 from each 
system of linear equations we can go over to an equiva- 
lent step-like system and according to Theorem 4.6 the 
ranks of the system matrix and augmented matrix do 
not change under such transformations, it is sufficient 
to prove the theorem for step-like systems. But for a 
Step-like system, according to Theorem 4.5, the ranks 
of the system matrix and the augmented matrix are the 
same if and only if these matrices have an equal number 
of nonzero rows, or, which is the same thing, if and only 
if the first nonzero element in the last nonzero row of the 
augmented matrix is not in the column consisting of the 
absolute terms. From the analysis of the step-like system 
carried out in Section 3 the reader knows that this happens 
if and only if the system is consistent. № 

When in Section 3 we spoke of principal and absolute 
unknowns, we found that these concepts depend on the 
way the augmented matrix is reduced to step-like form. 
To solve the problems we discussed at the end of Section 3, 
we need a definition that depends only on the given 
system of linear equations. With this in mind, let us 
proceed as follows. If we have a system of linear equations 
in the unknowns 21, 2, .. . Zn, we will say that the 
unknowns zi, ..., ri, can be declared principal if the 
values of these unknowns are determined uniquely what- 
ever the values of the other unknowns. As for the other 
unknowns, we will say that they can be declared absolute. 
Note that here we are defining the notions “can be declared 
principal” and “can be declared absolute” rather than 
the notions “principal unknowns” and “absolute un- 
knowns”. The unknowns become principal or absolute 
only after we declare them such in the process of reali- 
zation of the available possibility. It is clear that the 
principal and absolute unknowns defined in the sense 
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of the definition in Section 3 can be declared such in the 
sense of our new definition. 

The central result of our theory is 

Theorem 5.2 (theorem on principal unknowns). Suppose 
we have a consistent system of m linear equations in n un- 


knowns, A is the augmented matrix of this system, and 
(rank A) = г. Then the unknowns Tis, +, Ti, Can be 
declared principal if and only if k = г and the columns of 
matriz А with numbers i,, . . ., iy contain the elements of 
a nonsingular submatrix of order г. 

p Suppose that Ё = г and there is a nonsingular sub- 


matrix of order r in the columns with the above-stated 
numbers. Then the rank of the m X n matrix 


a а}; .0,; 
11, li, li, 
ао. 2921, 92i, 
ami, ат, * ^mi, 


is r. Reducing this matrix to step-like form, we arrive, 
via Theorems 4.5 and 4.6, at the following matrix: 


bus Dy, by, 
EM 
@ 20v asc Pu 
оо 0 
оо 0 


with bii, boi. o bri, == 0. Applying the same elemen- 


tary transformations to matrix А, we get 


ebia ... bi, n" by, ... €1 

© 0 б, bg ea 

B= 0 0 b, Cr 
0 0 0 Ст+1 

0 0 0 Cm 
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Note that this notation does not mean that all the rows 


of B starting with the (г + 1)st are zero rows: the columns 
whose numbers differ from i,, i9, ..., i, may contain 
nonzero elements in these rows. Actually, however, 


all rows of В starting with the (r + 1)st are zero rows. 
Indeed, suppose that this is ga Sa that is, bpa = 0 
for some P and q, with г Е 1 x p < m. Of course, 4 = 
iy, . . But it may so TOH that quan + 1, that 


is, be = ср. Let M be the submatrix of B of order 
r+ 1 whose elements are in the rows with numbers 
1, 2,...,7, p and in columns with numbers i}, . . ., ij, 9. 
Here three cases are possible: (1) q < iy, (2) i, < q < 
is4, for a certain s, and (3) i, < q. Interchanging, when 
necessary, the rows in matrix M, we arrive at a matrix 
M' equal to 


be 0 0 0 
big Pu, bii bii, 
bag 0 bz bai, ||, 
ьа 0 0 bri, 
bia eee bia Dia by, bii, 
0 bii, bsq 51541 b si 
0 .. 0 bg | 0 .. 0 |, 
0 O ба Бз+ті, р bortis 
0 0 bq 0 bri, 
and 
bu bia, o bai, big 


respectively. Since bii , bei, $ed, bi, b ра 520, in the 
third case matrix M’ proves to be step-like. In the first 
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two cases matrix M' can be transformed into a step-like 
matrix via elementary transformations of the second 
kind by nullifying the elements 61а, bags ..., brg and 
bs+1 а - - +» Org, respectively; see Theorem 2.3. By virtue 
of Theorems 4.5 and 4.6, 
(rank M) = (rank М”) =r +1. 

Hence, M is a nonsingular matrix, and, taking into 
account the definition of the rank of a matrix and Theorem 
4.6, we get 


(rank A) = (rank B) mr-41, 
which contradicts the hypothesis. Thus, discarding the 
zero rows in matrix В, we arrive at a system of linear 


equations consisting of r equations. Assigning arbitrary 
values to the unknowns that differ from Yi, very Ti 


and transferring them to the right-hand side, we can 
easily see that the unknowns zi, ..., Ti, are uniquely 
determined one right after the other, starting from the 
last one. Thus, they can be declared principal. By virtue 
of Theorems 1.1 and 3.2, the same is true of the initial 
system of linear equations. 

Now let us assume that the unknowns Ei, sey Ly 
can be declared principal. Nullifying the other unknowns, 
we arrive at the system 

Mii, +... + аа, = 0, 
JE (5.1) 

ат, +... + miu Ei, = bm 
which has a unique solution. Suppose that Cis the aug- 
mented matrix of (5.1) and B is the step-like matrix to 
which matrix C can be reduced by Theorem 2.6. By 
virtue of Theorem 3.2, the corresponding system of linear 
equations has a unique solution. As the analysis of a 
step-like system carried out in Section 3 has shown, 
this implies that matrix В contains k nonzero rows with 


the leaders in the first, second, third, etc. columns. In 
other words, 


Буу biz bik| c 
Hos oM e e 
0 0 beri Ck 
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By virtue of Theorems 4.5 and 4.6, 
k = rank B = rank С < rank A = r. 


Let us assume that k < r. To matrix А we apply the 
elementary transformations that transform C into B. 
Then matrix A transforms into 


... bii ... biz ... bin ... Cy 
0 boz . boh сә 
D = 0 . 0 bkk Ch А 
0 0 Chii 
0 0 0. Cm 


where the columns occupied by the columns of B have 


the numbers i,, . . ., iy, n + 1. By Theorem 4.6 (rank D)- 
r, while by Theorem 3.2 the system of linear equations 


with the augmented matrix D is consistent and the un- 
knowns zi, ..., xi, can be declared principal. From 


Theorem 5.1 it follows that matrix D, which is obtained 
from D by discarding the last column, has the same rank 


as D. Since k < г, among the rows of D with numbers 
greater than k there are nonzero rows, since otherwise D 
could not contain nonsingular submatrices of order r. 
However, the nonzero clement of such a row cannot be 


in a column occupied by a column of B. Thus, D has 
matrix elements Фра 520, with p > k and q = і, . . ., irs 
n 4- 1. If we now nullify all the unknowns with numbers 
that differ from i,, . . ., ip, q, we get xq = ср/4ра. There- 
fore, ха cannot assume arbitrary values, which contradicts 
the possibility of declaring x;,, . . ., xi, principal. Hence, 
k =r, which completes the proof of the theorem. № 

It follows from the above proof that in system (1.6) 
we can declare principal only the pairs zı and x, or =, 
and хз or =; and ха, while other pairs cannot be declared 
principal. 

Let us dwell on another method for solving systems of 
homogeneous linear equations. From Theorem 3.5 it 
follows that the set of all the solutions of a given system 
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us linear equations in т unknowns com- 

PM A USUS family of n-dimensional rows contains 
linear combinations of these solutions. It is therefore 
natural to try and find a family of solutions (preferably 
with the smallest number of solutions possible) such 
that all other solutions prove to be linear combinations 
of these. One such family is specified by the following 
Theorem 5.3. Suppose that the unknowns Zip Yi, oe ss 
xi, , т a system of homogeneous linear equations in n 
unknowns with matriz A of rank r can be declared principal. 


For each К, with 4 xz k K< n — r, by ир we denote the 
unique solution of the system that is obtained if xi, is 


assigned the value of 4 while all the other absolute un- 
knowns are assigned the value of 0. Then every solution to 
the system considered is a linear combination of the family 
Шу, Шау. + +) Un-r 
> Suppose that _ 

и = (Uv... Un) 


is an arbitrary solution to the system considered. Take 
the row 


w = vi i + Vile + ets ds + Vi, nre 
According to Theorem 3.5, w is also a solution to this 
system. One can easily see that the i,st, ignd, . . ., in-rth 
coordinates of row w are equal to Vigs Vi, s+ Ui, S TO- 
spectively. In other words, the values of the unknowns 
Vis Tip vey Ti, for solution v are the same as for 
solution w. But from the definition of the possibility of 
declaring some unknowns principal and some absolute 


it follows that fixing the values of the above unknowns 
uniquely determines the values of the other unknowns. 


Hence, the remaining coordinates of row v must coincide 
with those of row ш, that is 


v == ш == vi Uy + Vi Ms + RON + NE S 
which is what we set out to prove. M 

The fact that it is impossible to decrease the number 
of solutions in the family of solutions found above follows 
from 

Theorem 5.4. If every solution to a system of homogeneous 
linear equations in n unknowns with matrix A of rank г is 
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В, a 4 = = A 
a linear combination of solutions v,, ..., Vs, then $ > 


n — r. 
p Suppose that s is smaller than n — r. We put 
v = (шә... Gin) (i= 1, 2, ... 8) 


and; allowing for Theorem 5.2, we denote the solutions 
considered in Theorem 5.3 by 


uy = (Вл, ..., Вт) (= 1, 2, ..., n—r). 
By hypothesis, 
uj = ay +. .. ау (ў —1,2,...n—r) 
with the appropriate choice of the real numbers aj;. 
Consider the system of homogeneous linear equations 
atı + ат, +... + ai һат = 0, 
ал, + asta +... + az n-rn-r = 0, 
ах + Agta +... + as п-т = 0. 


By assumption, the number of equations in this system 
is smaller than the number of unknowns and, by Theorem 
3.3, it has a nonzero solution, say (Ej ..., &,-,). Note 
that the real numbers &,, . . ., &,_, are the i,st, &па, .. 
i, -rth coordinates of the row 


w= UM FT Eus +... + Pug 
Taking into account Theorems 2.1 and 2.2, we get 
0 Aw = & (ay + йа +... + аар) 
+ 5, (а + а» E + sas) 


ы 


+ &- (ay acp + а, Ga НЕ а n -rUs) 
= (Eja + Ва» Б... + Eno nor) vi 
+ ш F знане +... + Ёа yai va 


P n» a Gak . see Ба, i Vs 
E олалар 
This contradiction completes the proof of the theorem. № 
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Thus, Theorem 5.3 shows that all the solutions to a 
system of homogeneous linear equations can be obtained 
by considering the various linear combinations of a 
certain finite system of equations. . 

To obtain a description as graphic as this one for the 
set of all solutions to a system of inhomogeneous linear 
equations, we turn the reader's attention to the following 
facts: _ 

Theorem 5.5 (a) 7f u is a solution to a system of linear 
equations with matrix A and v is a solution to the system 
of homogeneous equations with the same matrix A, then 
и +v is a solution to the first system. 

(b) If uy is a solution to a system of linear equations 
with matrix A, then every solution и to this system can be 
written in the form of a sum из + v, where v is a solution 
to the system of homogeneous linear equations with the 
same matrix A. 
p> Suppose that b; is the absolute term in the ith equa- 
tion in the system considered. 


(a) Ни = (01, ..., а.) and v = (By, .. „„ Bn), then, 


substituting the coordinates of the row u + v into the 
ith equation of the system considered, we obtain 


aj (a, + В) F E: + Gin (An F Pn) 
= (21194 H... F Wines) 
+ (ав +... + ава) 
=b,+0= 5b, 
which is what we set out to prove. 
(b) If uo = (Yı, - - - Pn) and и = (a, ..., 9), then 
ап (Q1 — V) +... + in (On — Vn) 
= (ant +... + ainan) 
= (а dea F Gina) 
= 0; — 0, = 0, 


Hence, the row v = u — иу is a solution to the system 
of homogeneous equations with matrix А, which means 
that the equation 


и = ue s (и — uj) = Ug + v 
provides the sought representation. № 
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From Theorem 5.5 it follows that to describe the set 
of all the solutions to an arbitrary system of linear equa- 
tions with matrix A one must find a solution to this 
system and then add to this solution arbitrary linear 
combinations of the solutions (described in Theorem 5.3) 
to the system of homogeneous equations with the same 
matrix A. By way of an example, let us consider the 
system 


& + Tg + 13 + T, =4, 
Tı + т, xj dox, = 2. 


It is clear that the row (1, 1, 1, 1) is a solution to this 
system. For this reason, an arbitrary solution has the 
form 


(1, 1, 1, 1) + а (1, 0, 0, —1) + В (0, 1, 0, —1) 
or, which is the same, 
(а, 1 + В, 1, 1 — а — В), 


where о and В are arbitrary real numbers. 


Exercises 


1. Which unknowns in the system of linear equations of Exer- 
cises 1 and 2 in Section 3 can be declared principal? 

2. Prove that the consistent system of linear equations in n 
unknowns has a unique solution if and only if the rank of the 
system matrix is equal to n. 

3. Prove that if a system of n linear equations in n — 1 un- 
knowns is consistent, the augmented matrix of this system is 
singular. 

4. Find the set of solutions described in Theorem 5.3 for the 
systems of linear equations of Exercises 1(h)-1(k) in Section 3. 

5. Find the set of solutions described in Theorem 5.3 for the 
system of linear equations that solves Exercise 1(f) in Section 1. 

6. Describe the solutions to the systems of linear equations of 
Exercises 1(a)-1(e) in Section 3 by the method developed at the 
end of this section. 

7. The same as in Exercise 7 but for the systems of linear equa- 
tions that solve Exercises 1(a), 1(b), and 1(e) in Section 1. 

8. Suppose that uj, ..., и, are solutions to a system of in- 
homogeneous linear equations. Prove that the row Au; +... .-A,u, 
is the solution to the system if and only if4,+...+4,= 
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б. FUNDAMENTAL SYSTEMS OF SOLUTIONS 
As we have said earlier, Theorem 5.3 shows that all the 
solutions to a system of homogeneous equations can be 
obtained by constructing linear combinations of a finite 
set of solutions. The natural question is: how is one to 
know whether a given set of solutions provides the means 
for this? The aim of this section is to give an answer to 
this question. 


The rank of a system {u,, . . ., Um} of rows of length n 
is the rank of the m X n matrix constructed from the 
rows belonging to the system. For example, the rank 
of the system of rows 


£4, 1,1, 1, 4), (1, 1, 2, 0, 4), (4, 1,0, 2, 4), (1, 1, —1, 3, 4)} 


is equal to the rank of the matrix 


1 
2 
0 


к» к» ым ы 
о м о 
х нх GN Ga 


1 
1 
1 
1 —1 


that, as noted on p. 37, is equal to 2. 

Let us establish : some additional facts. The reader will 
recall that a TOW v is, by definition, a linear combination 
of rows ш, олу Um if v = Ми T... Аит for a set 
of real numbers A,, . . ., Am. Ш this case it is often said 
that v is expressed linearly in terms of rows Uj, . . ., Um: 
For example, the row w = (3, 4, 2, 2) can be expressed 
linearly in terms of the rows u = (4, 2, 4, 2) and v = 
(—1, 3, 0, 2), since w = 2u + (—1) v. 

Theorem 6.1. If a row w can be expressed linearly in 
terms of rowsu,, . . ., Us and each of the u; can be expressed 
linearly in terms of rows йу, . . «5 vi, then w can be expressed 
linearly in terms of v4, .. ., v. 

p» By hypothesis, 


w = Mu +... Аи, and и; = aav, +... + Шш 


for appropriate real numbers ^, ..., Ass Min · + Ми 
Whence, taking into account Theorems 2.1 and 2. 2. 
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we get 
ш = Ay (PA =F 0% +... + ио) 
+ Ag (Basti + Page +... F Matti) 
TA (Wes + MARA +... + Шз) 
= (Aybar + ш +... Mua) vi 
+ Е T A +...+ чы V 


+ к) + i +... + d 0, 


which is what we set out to prove. № 
Theorem 6.2. Suppose that 


Uii “in 
u u 
Ww c 81 sn 
Uii Vin 
Uti Utn 


Then (rank U) xz (rank W). But if the rows of matriz V 
can be expressed linearly in terms of the rows of matriz U, 
then (rank W) — (rank U). 

> To prove the first assertion it'is sufficient to note 
that every nonsingular submatrix of matrix U is also a 
nonsingular submatrix of matrix W. Hence, the highest 
order of such submatrices of matrix U cannot exceed that 
of submatrices of matrix W. By virtue of the definition of 
the rank of a matrix, this means that (rank U) xz (rank W). 
Going over to the proof of the second assertion, we put 
U; = (шр... Uin) and vj = (vj, . . ., ру). By hypo- 
thesis 


vj = Мий, + m + Ари, 


for appropriate real numbers Àj, ..., А». Subtracting 
from the (s + 1)st row of W the first. з rows multiplied 
by A, Mg. . A45, respectively, we reduce the (s + 1)st 
TOW to a zero row. Acting in the same manner on the 
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subsequent rows of W, we arrive at the matrix 


Uii Uin 

Usi Usn 
T= 0 0 

0 0 


By Theorem 4.6, (rank 7) — (rank W). Reducing matrix 
U to step-like form S, which is possible by virtue of 
Theorem 2.6, we note that the same elementary transfor- 
mations transform matrix 7 into the step-like matrix 


S 
0 


Theorems 4.5 and 4.6, (rank W) = (rank T) = 


5 
rank lol = (rank S) = (rank U). № 


Theorem 6.3. If a finite number of elementary transform- 
ations of rows is needed to go over from a matriz U to a 
matriz V, then each of the rows of matrix V can be linearly 
expressed in terms of the rows of matrix U. 
> When only one elementary transformation is required 
to go over from U to V, the validity of the theorem fol- 
lows from the definition. In the general case we have a 
sequence of matrices U, W,, Ws, . . . Wh, V, where going 
over from a left matrix to a right matrix requires only 
one elementary transformation. Hence, as noted earlier, 
each row of a particular right matrix can be expressed 
linearly in terms of the rows of the adjacent left matrix. 
We need only apply Theorem 6.1 several times. № 

Theorem 6.4. If each row of a system Q can be expressed 
linearly in terms of the rows of another system E then 
(rank ©) < (rank E). 
> If U and V are matrices constructed from the rows of 
systems Я and Q, respectively, then, using Theorem 6.2, 
we obtain 


‚ where О is a r X n null matrix. By virtue of 








(rank ©) = (rank V) < (rank | А |) - (rank U) 
= (rank 5). M 


Theorem 6.5. If E = (u,, . . ., Um} is a system of rows 
of length n and (rank E) is lower than m, then at least 
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one of the rows in & can be expressed linearly in terms of 


the other rows. _ 

p Suppose that и; = (Wij, - . +, Uin) and U is the matrix 
constructed from the rows of system Я. By hypothesis, 
(rank U) — r « m. Suppose that i,, ..., i, are the 
numbers of rows containing a nonsingular submatrix of 
U of.order r, and V is the г X n matrix constructed 
from these rows. Employing Theorem 2.6, we reduce 
matrix V to step-like form S. Applying the same element- 
ary transformations to matrix U and moving the rows 
which contain the V matrix to the first r places, we obtain 


the matrix W’ = | T | where 7’ is the (m —r) X n 
matrix constructed from the rows of matrix {7 not in- 
cluded in matrix V. By virtue of Theorems 4.5 and 4.6, 
all the rows of the step-like matrix S are nonzero. Let 
us assume that the leaders of the rows of S are in the 
columns with numbers j, ..., jr, that is, 


81j 513, 51), 
0 s25, 52] 
'—|| :- 0 vi 0 Pes 5j, |, 
, , , 
nj #23, кз, 
* , , 
In- rj, In - rj, In -rj, 


with Sij S2j, ++ +» 5), FO. Applying Theorem 2.3 sev- 
eral times, we can transform matrix W', via elementary 


5 
pl where all 
the matrix elements of T that are in the columns with 
numbers f, . . ., jp are zeros. Let us make sure that all 
the rows of T аге zero rows. Indeed, suppose that tp == 0 
for some р and q. Of course, д Æji, . . ., jr- Take the 
submatrix M of W whose elements are in the rows with 
numbers 1, 2, . . ., г, p and in the columns with numbers 
jy, .. +, Л. 9. Three cases are possible here: (1) q < ji, 
(2) jn < q< ju44 for a certain А, and (3) j, < q. Inter- 
changing, where it is necessary, the rows of M, we arrive 
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transformations, into matrix W = 








at matrix M equal to 


tgp 0 0... 0 
$ бе Spa wu 0855 
1q 1j, "lj 17. 
529 0 52), Ө 52}, А 
Srq 0 0 5,3, 
5 5 5 5 
1À 1n 14 ETT 1j, 
0 5 $ 5 
hin hq hin, hi, 
0 0 toy 0 0 Р 
0 O әһд hada 554 1j, 
0 0 5 0 S.: 
rq rj, 
or 
8j, 5j, 5 Ns. 519 
0 83, 82, 52а 
К ж лб аыр МЕ, СЕКЕ , 
0 0 < Sri, Sra 


respectively. Since Sij 55, . +++ Sri» pa 520, in the 
third case matrix M’ proves to be step-like at once. In 
the first two cases, M' can be made step-like via ele- 
mentary transformations of the second kind, nullifying 
the elements $14, 524, · . +» Sra and $444 +) 8-а Гезрес- 
tively; see Theorem 2.3. By Theorems 4. 5, 4.6, and 6.2, 


r+ 1 = (rank М’) = (rank M) 
< (rank W) = (rank И”) = (rank U) = г. 


This contradiction shows that W = where O 


5 

о] 
is an (m — г) X n null matrix. By virtue of Theorems 2.4 
and 6.3, the rows of matrix S can be expressed linearly 
in terms of the rows of matrix V, while the rows of 
matrix {7 can be expressed linearly in terms of the rows 
of matrix W or, which is the same, in terms of the rows 
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of matrix 5. Whence, employing Theorem 6.1, we con- 
clude that the rows of U that are not included in V can be 
expressed linearly in terms of the rows of matrix V, 
which completes the proof of the theorem. № 

The family F of solutions of a system of homogeneous 
linear equations is said to be the fundamental system 
of solutions (or fundamental set of solutions) if every solu- 
tion to this system of equations is a linear combination 
of the solutions belonging to F and if discarding at least 
one solution from F results in the set of the remaining 
solutions losing this property. By Theorem 5.4, the 
family of solutions considered in Theorem 5.3 is а funda- 
mental system of solutions. Other fundamental systems of 
solutions also exist. 

Let us consider, by way of an example, the system 


+2, +27, +2, 0, 
тү + Za — Ta dor, = 0. 


According to Theorem 5.2, the unknowns z, and z,can be 
declared absolute, whereby from Theorem 5.3 it follows 
that the solutions (1, —1, 0, 0) and (0, —1, 0, 1) form a 
fundamental system of solutions. But the family 
{(1, 0, 0, —1), (0, 1, 0, —1)} is also a fundamental system 
of solutions. It emerges if the unknowns г, and z, are 
declared absolute. If we take the first fundamental 
system, we find that the set of all solutions to system 
(5.2) consists of rows of the form 


(а, —(a + В), 0, В), 


where о and В are arbitrary real numbers. The’ second 
fundamental system yields the set of rows of the form 


(a, В, 0, —(@ + ). 


It is easy to see that actually the set of rows has not 
changed, which was to be expected. 

Theorem 6.6. Each fundamental system of solutions to 
a system of homogeneous linear equations in n unknowns 
with a system matrix of rank г contains n — г solutions, 
and the rank of the fundamental system is n — r. 
> According to Theorem 5.2, n — г unknowns of the 
System of linear equations can be declared absolute, 
which means that there exists a system of solutions 


= 


Я = (u,, ..., Un-r} described in Theorem 5.3. Suppose 
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x n matrix constructed from these 


: | ith numbers i,, ..., i 
ions. The columns of U wit í А, ‚ igor 
n a submatrix E that is the identity matrix of 


order n — r. By Theorems 4.5 and 6.2, 
n — r = (rank Е) < (rank U) S n — r, 


that U is the (n — r) 


whence 
(rank E) = (rank U) — n — r. 


Now let us assume that F is the fundamental system of 
solutions to the given system of linear equations and s 
is the number of solutions іп F. By Theorem 5.4, s > 
n —r. Из > п — г, then, by Theorems 6.1 and 6.5, 
all the solutions to our system can be expressed linearly 
in terms of a fraction of solutions in F, which contradicts 
the very definition of F. Finally, applying Theorem 6.4 
twice, we get 
(rank Я) < (rank F) < (rank E), 


whence, by virtue of what we have proved above, 
(rank F) = (rank Я) = п — г. № 


The problem formulated at the beginning of this 
section is solved via the following 

Theorem 6.7. If F is a system of solutions to a system 
of linear equations in n unknowns with a system matrix of 
rank r, contains n — r solutions, and the rank of F is n — r, 
then F is a fundamental system of solutions. 
> Suppose that there exists a solution v that is not a 
linear combination of the solutions belonging to F. Con- 
sider a system of solutions, F, that is obtained by adjoin- 
ing v to F. Since from Theorems 5.3 and 6.6 it follows 
that the system of linear equations we are considering 
here has a fundamental system of solutions of rank n — r, 
we conclude, allowing for Theorems 6.2 and 6.4, that 
(rank F) = n — т. But then from Theorem 6.5 and the 
special choice of solution v there follows the existence 


of a solution u € F such that 
и = Ayu, +... + Аи + W, 


where u Uy, У Us ЕР. If u = 0, then, by Theorem 
6.4, (rank F) <n — r, which contradicts the hypo- 
thesis. But if р 2&0, then, allowing for Theorems 2.1 
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and 2.2, we obtain 
v = uu TX pu, —...=— pus, 


which contradicts the choice of v. Thus, any solution 
to the system of linear equations can be expressed linearly 
in terms of the solutions belonging to Ё. If the same 
result can be achieved by using only a fraction of solutions 
belonging to F, then, allowing for Theorems 6.1 and 
6.4, we arrive at an impossible relation 


n — r = (rank F) < п — г, 
which proves that F is a fundamental system of solu- 
tions. M 


To illustrate the possible applications of Theorem 6.7, 
we will consider the following system of linear equations: 


zi + Ta + z + z, + 4r; = 0, 

ту +2, 223 + 4z; = 0, 

Ly + Ly + 2z, + 4х, = 0, 

тү +2, — T; + 3x, + 4r; = 0. 
The rank of the system matrix is 2 (see p. 37). The solu- 


tions (1, 1, 1, 1, —1), (0, 2, 1, 1, —1), and (0, 0, 2, 2, —1) 
form a fundamental system of solutions, since 


1111 —1 
0211 —1 
0022 —1 


rank =3. 











Exercises 


1. Find a fundamental system of solutions to the following 
system: 

B+ tat tat t4 + 24 — 0, 
За. + 2х. + 23+ 14 — 3z; = 0, 

£a + 2x3 + 21. + Ox; = 0, 
52, + 4х. + Заз t 344 — z; = 0. 

2. Will the following systems of solutions to the 
system of linear equations of Exercise 1 be fundamental: (a) 
{(3, —2, —1, —1, 1), (2, 0, —2, —1, 1)}; (b) (3, —2, —1, —-1, 1), 
(1, —2, 1, 0, 0), (2, 0, —2, —1, 1) (c) (t, —2, 1, 6, 0) 
(0, 0, —1, 1, 0), (4, 0, 0, —6, 2)}; (d) (t, —2, 1, 0, 0), 
(4, —2, 0, 1, 0), (0, 0, 1, —1, 0), (4, —2, 3, —2, 0)? 
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3. Find a fundamental system of solutions to the following 
system of linear equations: 


Мы + ...-+ Аб + алу 
Abazi H... + №625, + 4271 


0, 
0, 

Abg, +... + Abra - ахлу = 0. 
Hint. First prove that (тапк ij | 
ad — bc Æ 0. 

4. Find a system of homogeneous linear equations for which 
the following rows form a fundamental system of solutions: 
(a) (4, 2, —1, 0, 1) and (1, 3, 1, 1, 2); (b) (2, 1, 0, 0), (1, 0, 1, 0), 
and (—1, 0, 0, 1), (c) (4, 2, 3, —1). 

5. Let A* be a matrix whose rows are the columns of another 
matrix, A. Prove that 

(a) If A is a singular matrix, A* is also singular. Hint. Use 
Theorem 6.4 and Exercise 10 in Section 4. 

(b) (rank A) — (rank A*). Hint. Use the result of (a). 

6. Prove that the rank of a matrix remains the same under 
elementary transformations of columns of the first and second 
kinds. Is the rank of a matrix employed in elementary transform- 
ations of the third kind? 














)=2 if and only if 


ANSWERS 


Section 1 


1. 
(а) 2+ tat 2+ 24 = 40, 
2+ zat :4— 24 = 20; 
(b «+ zd zd 2% = 20, 
9z, + 10z, + 155 + 202, = 200; 
(с) zı + za + 23 — 1, (0) zy 25 = 1, 


2i t хо + 14 = 1, 2+ ту = 1, 
2+ za + ж = 4, ж {24а — 1, 
Ta + 23+ % = 1, r+ 13 = 1, 
tat z4 — 1, 
аз аа = 1; 


(е) 20z, + 122, + 10x, = 120, 
20z, + 1523 + 102, = 120, 
12z, + 1523 + 10z, 120; 
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d) аа = 0, 
Za + z3 = 0, 
Tn + Tn = 0, 
zı + 2 = 0. 
Section 2 
1. Е "o а = (0, 1, 2, 0), b = (0, —1, —1, 2). 
2. (0, 2, 2). 5. = = (0, 1, 2, —2), у = (20/3, —25/3, 10/8, 
—5/3). m i) (1, 4, 7). 
7. (а) |111 ed 4 
|0 00 —2 : o. lo 5 10 is 100 » |: 
(с) |1 14 1 0 4 (d) || 1 1 0 0 1 
0.4 4 1 1|. 0 — 100 
001211’ 0 0 —1 10 
0003 1 0 0 024P 
0 0 000 
0 0 000 
(e) 12 0 10 120 
0 —12 15 0 01; 
0 0 30 10 4120 
1100 ооо 
0110 000 
0011 000 
(Оз Ls noun a m Fern s for even values of n; 
0000 110 
0000 0 1 1 
0000 ооо 
1100 ооо 
0110 ооо 
0011... 000 
лкк ese de tei conte: eae ЖЫН for odd values of n. 
0000. 110 
0000 0 11 
0000 002 


Remark. The answers to Exercises 7(a)-7(f) may differ from 
those given above, but the leaders must be in the same columns 
(see Exercise 13). 

1 
3 





9. For example, | * 
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Section 3 


1 
1. (a) = (8—25— 92) m= Örsta); (b) = 


E їз — 4, 3=1.=0; (с) the system is not consistent; 


1 1 ` 
(d) Tr (1—32,— 13), za, —1; (е) z= —12 (7 — 1812 + ху), 


1 
T3 = 04-5) (f) z,— 25— 254—240; (g) Tı = T2 =T= T4 = 
Zh = 264 = 0; (h) 11 = £4 — T5, X4 = Ty — rg, r3 = T4; (i) Ty = 
4 = 0, т, = * (23 — 215); (j) zı = — 31; — 9zy ty = 2134 


Зх, ту = 0; (К) if n = 3k or n = 3k + 1, there is only a zero 
solution, but if n = 3k + 2, then 


0 ЛЕ i=3m, 
à = —rn И i=3m+4, 
zn if i=3m+2. 


Remark. The answers to Exercises 1(a), 1(b), 1(d), 1(e), 1(h), 
1(i), 1(), and 1(k) allow for another notation for n = 3k + 2. 
2. One of the sides is 10-m long, while the sum of the other 
three sides is 30 m. For example, 8 m, 15 m, 7 m, and 10 m. (b) If 
тү is the number of 5-kopeck coins, =, is the number of 10-kopeck 
coins, т» is the number of 15-kopeck coins, and z, is the number of 
20-kopeck coins, then z} = хз + 2z, and z, = 20 — 21. — 3z,. 
One solution is (7, 8, 3, 2). For a maximal number of 20-kopec 
coins we have (12, 2, 0, 6) or (13, 0, 1, 6), while for a maximal 
number of 15-kopeck coins we have (10, 0, 10, 0), (c) х; = 2, = 
zy = 14 = 1/3. (d) ху = z, = ту = у = 1/2. (e) И =}, т», ty 
and z, are the number of working hours per day for the mixers 
with a productive capacity of 20, 12, 15, and 10 tons of concrete 


per hour, respectively, then z, — 4 (42 — z4), z4 = 5 (60 — 524), 


23 = 4 (12 — z4). One solution is (5/2, 25/6, 10/3, 2). For maximal 


working hours of the fourth mixer we have (1/4, 5/12, 1/3, 11), 
while for minimal working hours of the fourth mixer we have 
(11/4, 55/12, 11/3, 1). (f) If n is odd, all the numbers are zeros, 
while if n is even, all the numbers are equal in absolute value, 
with half of them being positive or zero and the other half negative 
Or Zero. 

—2z, — 2x, + 2х3 + 3z4 = 1. 


4. One system is 
—J2z,-—— Ta + z+ 2r, = 0. 


7. No, there is either only one solution or an infinitude of 
solutions, 
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Section 4 
1. (3) 2; 0) 2; (c) 4; (d) 4; (e) 3; (f) n — 1 if n is even and n 


if n is odd. 2 Җ‚ (a) 25 (b) 3: (0) 6; (4) 5; (e) if a, =... = ап, then 
the rank is zero for a, —Ь = = —b, and 1 otherwise; 
but if there is an а; 52 a,, the rank is 4 for b =... = b, and 
2 otherwise. 

Section 5 


1. For Exercise 1 in Section: (a) any two; (b) ту, хз, 24 OF хо, 
хз, та; (c) the system is not consistent; (d) z} and z4 ог =, and z4 
ог хз and 24; (е) гу and =з or х; and z4 or x, and zg or х, and z4 
or zg and та; (f) all; (g) all; (h) ту, хо, zg OF 21, Ty, £4 ОГ до, Z3, T5 
ОГ 22, Z4, Tg OT Хз, Lp, T OF т, 25, 26; (i) 21, 23, 2 ОГ ту, 23, T4 OT 

Lae z5; (j) any three among which there is He ^d) all unknowns 
if'n 5 dE or n= 3k + M, and 23, 25, .. ., gy and any k + 1 of 
the remaining unknowns if n = 3k + 2. For Exercise 2 in Sec- 
tion 3: (а) т, and z, or z, and z, or хз and z,; (b) any two; (c) all; 
(d) all; (e) any three; (f) all if n is odd and any n — 1 unknowns 
if n is even. 

4. For Exercise 1 in Section 3: (h) (1, 1, 4, 1, 0, 0), 
(—1, 0,0, 0, 1, 0, (0, —1, 0, 0, 0, 1); е oe 


(0, —2, 0, 0, 3); (j) (—3, 2, 1, 0, 0), (—5, 3, 0, 0, 1); ee AEN 
ог n =.3k + 1, there is only a zero solution, while ifn = ЗК + 2 


the solution is (—1, 1, 0, —1, 1, 0, ‚ —1, 1, 0, —1, 1). 
5. If n is odd, there is only a Zero solution, while if n is even 
the solution is (1, —1, 1, —1, , —1, 1, —1). 


Remark. The answers to Exercises 4 and 5 may differ from those 
given above, but the number of rows in the established system of 
solutions must coincide with the number of rows in the above 
ев. 

6. (a) (2, 0, 0, 0) + А (—1, —5, 4, 0) + р (—9, —1,0, 4); 

(b) (—1, —1, 0, 0) + A (2, 3, 0, 0); (c) the о is not consistent; 

(d (1, —1, 0, 1) + А (—3, 4, 0, 0)+ p(—1, 0, 4, 0); 
(e) tt, 1 А, —1) + А (—1, 0, —10, 12) -+ u (3, 2, 0, 0). 

(10, 10, 10, 10) + (— 1, 0, 1, O + u (0, —1, 1, 0); 

(0) @, 8 3, 2) vid (1, 220; 1,0) + u (2, ub 0, 1); (e) (0, 0, 0, 12) + 


Remark. The answers to Exercises 6 and 7 may differ from those 
given above, but the number of rows in the established system of 
solutions must coincide with the number of rows in the above 
answers. 


Section 6 


1. For example, ((1, —2, 1, 0, 0), (1, —2, 0, 1, 0), (5, —6, 0, 0, 1)). 

2. (a) no; (b) no; (c) yes; (d) no. 

3. If all the coefficients are zeros, then (ej, ..., e), with 
ej = (0,..., 0, 1, 0,..., 0), is a fundamental system of solutions; 

—— 
i-1 

if there are nonzero coefficients but Ма} — X;ayb; = 0 for. all, 
i, j, and k, then (aye — вела» ауе, — Ае, e. бе, — 
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Хуе 41) is a fundamental system if a; 0 and (Abner — Эмбер, 
nm Mbyei- = Ai -1bRêi» Ar PR 5 кы, .. Ме, = 

An bpe;s ела} is a fundamental system if ау =... = am = ut 
ХБК 2 on it A = Мазь — Ajyand; = 0 for some i, i, k, then 
{Деу Sg №Мое;, ttn Де; 1 + Aj-1@e;, Де; + Ai4+1Me;, DP 
.... Дер + Мше}, with o=a,b; — ajb,, is a fundamental system. 

4. (а)  8z,— 41. + 23+ z+ 2, = 0, 

Za + 13 — 214 — 15 = 0, 

хз — 324 + хь = 0; 

(b) тү — 21, — zg-b 1 = 0; 


(с) —5rı + T+ T3 = 0, 
Ta + z3 + 52, = 0, 
тз + Зла = 0. 


Remark. The answers differ from those given above, but the 
rank of the systems must coincide with that of the above systems. 


SOLUTIONS 


Section 2 


7. (f) To the last row of the given matrix we add all the preceding 
even-numbered rews and all the preceding odd-numbered rows 
multiplied by —1. Then for n even and n odd we get the step-like 
matrices 


4100 ... 00 0 1100 000 
0110... поо 0110 000 
0011... 00 0 0011 000 

alae Sour ira eye as and WOO d ver qiie dU ae tates 
000 0 110 0000 110 
0000 0.1 14 0000 0 11 
0000 ооо 0000 00 2 
respectively. 


11. For a + 0 the problem is solved by obtaining the following 
chain of matrices successively: 

IM | а | Isl a —ab |5. 

0 bl" > la+ 1 bP 1ь| 21 0 

ү 

ПО — вЫ ' 


0 
b 1 





























¥ 


a 
a 
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12. Note that when we perform a single elementary transfor- 
mation, each row of the new matrix is a linear combination of the 
rows of the given matrix. After this, use the results of Exercise 6(b) 
several times. 


13. Suppose that b, ..., В, and ci, ..., c, are the nonzero 
rows of matrices B and C, Tespectively. Let us assume that the 
leaders of these rows are in the columns with numbers ky, . . ., kp 
and 1, ..., ls, where ki <... < k, and д <... <. From 
Theorem 2.4 it follows diat ; going over {төш B to C às well as 
from C to B requires elementary transformations. According to 


Exercise 12, each of the b, is a linear combination of the rows 
e Oen e while each of the ej is a linear combination of the rows 
by, .. «5 br. This all yields k, = 1. Next, if ba = Eici p o o o 9 ЭР7 
and с, = iab +... п, then & = 0 = т, and Е, = lg, 
just as in the case ahove. Considering similar expressions for Ъз 
and сз, we see that k = 13. If r < s, then, continuing this process, 
we get k; = 1, where 1 < i < г. For r < s, the condition c,4, = 
Gb, Tec Cb, implies 0 =... = ¢,=0, which means 


that 0 = Cp; = 0, which is impossible. The case where s <r 
can be considered in a similar manner. 


Section 3 


1. (k) The system matrix has the form 


410/00 ..0000 
4414/00 ..0000 
011118 ..0000 
0041|41..00004]Q] 
00 0|0 о... 0 1 14 4 
обо оо 0 0 141 


We subtract the first row from the second, interchange the second 
and third rows, and subtract the (old) second row from the fourth. 
The result is the matrix 


11 0/0 0 0|0 
01110000... 
0010000 
000 10/0 
0001110 
000/|0 1 1|1 .. 
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Now we subtract the fourth row írom the fifth, interchange the 
fifth and sixth rows, and subtract the (old) fifth row from the 
seventh. The result is the matrix 


44 0/0 0 0/0 0 010 
01111 0 0/0 0 0 
00 470 0 оро 0 040 
00011 0000 
000011100 
00000 0000 


++ 9 ж 9 9 „э « c5 c1: э 5 эу c9 5 19 o 


Next, from the eighth row we subtract the seventh, interchange 
the eighth and tenth rows, and subtract the (old) eighth row from 
the tenth. Continuing this process, for n == 3k, n = 3k + 2, and 
n = ЗЕ -- 1 we arrive at the matrices 











B о В | О 
0 01110 , 0 014111’ 
0 0111 0 0 |1 1 
0 01011 
and 
B | о 
о... ol 4l 
respectively, with O the null matrix and 
110100 0/0 0100 0 
0.1 4/4 0 070 0100 0 
оо 1|0 0 070 01000 
000414100 0100 0 
0000111 0100 0 
B= 00 ооо 440 ооо 0 
ооо | 00 0 | 0... | ооо 
00 0/0 0 0|0 011 4 0 
0000000 0011 
00 010 0 0/0 0|0 0 4 
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În the first two cases, after obvious elementary transformations 
we get 


B | О В | О 


— 
- 


0 ... Of 4 
о... 00 
0 ... 0100141 
respectively. Now it is clear that in the first and third cases the 
system has only a zero solution. In the second case we get za; = 0 
and Zgj49 = —Zgj+1 = Tn (note that n = 3k + 2). 

5. If row b, of which we are speaking here, can be represented 
in the form 5 = Mö, + .. . + Anbn, where бу, ..., 6, аге the 
other rows, adding the linear combination —A,b, —... — Andy, 


to b we transform this row into a zero row. Now employ Theorems 
1.1 and 3.2. 

6. The augmented matrix must be a null matrix. It is obvious 
that this condition is sufficient. To prove that it is necessary we 


employ the fact that the rows 0 and e; = (0,..., 0, 1,0, ..., 0) 
—— 


к к 


0 | and 0 ... 0/1 
1 0 ... OF O € 


> 


1-1 
(i = 1, 2, ..., п) are solutions, 


Section 4 


2. (e) It is easy to go, via elementary transformations, from 
the given matrix to the matrix 


+b, а 1-65 ... artbn 
453—080, 609—480, ... Ag—ay 
ооо 9 э ө ө э 1| 


Gn—04 а—@у ... An—ay 


If а; =... = аһ, then all the rows except the first, are zero 
rows, and the rank is equal to 0 or 1 depending on whether the 
first row is a zero row or not. If a; = a, for a certain i, the ith 
row is nonzero, Through obvious elementary transformations the 
above matrix can be transformed into 


аА ay+bg ... aid ba 
Qj—a, Gj—0,4 ... Aj—ay 


If we multiply the second row by —(a, + 0,)/(a; — ал) and add 
the product to the first row, we obtain a matrix that for b, =... 
— b, has only one nonzero row; otherwise, if we interchange the 


шч two rows, we arrive at a step-like matrix with two nonzero 
ows. 
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5. If to each row of matrix A we add the corresponding row of 
matrix B, we arrive at a matrix C that coincides with the matrix 
on the left-hand side of the inequality we are proving here. There- 
fore, allowing for Theorem 4.6 and Exercise 3, we get 


C | A 
(rank С) < | rank ||| — = | rank |||— 
B | B 


< (rank A)+ (rank B). 


10. It is sufficient to note that if the ith column is a linear 
combination of the other rows with coefficients Àj, ..., Aj. 
Aiti + + o An, then the row (Ал, ,. ., №1, —1, Ады» + +. Ал) Serves 
as a nonzero solution to the system of homogeneous linear equations 
with matrix A. Then we need only employ Theorem 4.4. 


Section 5 


3. If the augmented matrix of the system of linear equations 
proves to be nonsingular, then the rank of this matrix is equal to 
n, While the rank of the system matrix does not exceed n — 1, 
which in view of Theorem 5.1 means that the system of linear 
equations is not consistent. 


Section 6 
3. If ab — cd = 0, then for a0 it із sufficient to go over from 
a b a b 
ddi h 
|: ў 0 d—(be)/a | | by А ding the product of the 
t row by —c/a to the second row (note that d — (bc)/a 5 0). 
But if a = 0, then с = 0, and we can proceed in a similar manner. 


b 
If the rank of MM is 2, then a0 ог с-=0. For a + 0, 
с 


carrying out the same transformation as in the above case, we 
obtain d — (bc)/a == 0, whence ad — bc = 0. For с + 0 we can 
proceed in a similar manner. 

6. Since elementary transformations of the columns of a matrix 
A correspond to elementary transformations of the rows of the 


matrix A*, it is sufficient to allow for Exercise 9(a) and Theorem 
4.6. 


to 

















The book contains a complete exposition of 

the theory of systems of linear equations 
employing only elementary operations on 
matrices. The method of complete 
mathematical induction is, formally, not 
used here. However, in some cases it is 
hidden behind the words "etc.". Each section 
is followed by exercises. The main purpose of 
the exercises is to give the reader an 
opportunity to test his mastery of the 
material. The book is intended for a wide 
circle of readers, including pupils of senior 
classes of secondary schools, who аге 
interested in mathematics. 
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